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Abstract

Existing work has shown that cross-validation (CV) can be used to provide an
asymptotic confidence interval for the test error of a stable machine learning al-
gorithm, and existing stability results for many popular algorithms can be applied
to derive positive instances where such confidence intervals will be valid. How-
ever, in the common setting where CV is used to compare two algorithms, it be-
comes necessary to consider a notion of relative stability which cannot easily be
derived from existing stability results, even for simple algorithms. To better un-
derstand relative stability and when CV provides valid confidence intervals for
the test error difference of two algorithms, we study the soft-thresholded least
squares algorithm, a close cousin of the Lasso. We prove that while stability holds
when assessing the individual test error of this algorithm, relative stability fails
to hold when comparing the test error of two such algorithms, even in a sparse
low-dimensional linear model setting. Additionally, we empirically confirm the
invalidity of CV confidence intervals for the test error difference when either soft-
thresholding or the Lasso is used. In short, caution is needed when quantifying
the uncertainty of CV estimates of the performance difference of two machine
learning algorithms, even when both algorithms are individually stable.

1 Introduction

In the machine learning and statistics literature, cross-validation (CV) [27, 15] is routinely used
to compare the performance of learning algorithms. In practice, it is not uncommon to pair CV’s
point estimates with uncertainty quantification in the form of estimated standard errors or putative
confidence intervals. Yet the validity of such uncertainty quantification has been poorly understood
until recently, and it is now understood to be closely related to notions of algorithmic stability [2, 4].
Stability of algorithms has long been studied in the learning theory literature, allowing existing sta-
bility results to be applied to CV uncertainty quantification for assessing the performance of a single
algorithm. However, when comparing two algorithms’ performances, their individual stabilities do
not directly translate to the type of stability needed for valid CV uncertainty quantification, raising
the question of when such uncertainty quantification is valid.

Our contributions This work lies at the interface of algorithmic stability and cross-validation.
We demonstrate the importance of considering relative stability by studying the soft-thresholded
least squares algorithm [13], or soft-thresholding (ST) for short, a close cousin of the Lasso [28].
In the canonical fixed-dimensional linear regression setting of Section 3, we tightly characterize the
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components of relative stability and show that while assessment of a single ST fit satisfies relative
stability (Theorem 1), comparison of two ST fits with similar (but different) tuning parameters does
not (Theorem 2), calling into question the validity of CV confidence intervals for such a comparison.
Simulations in Section 5 support these conclusions, showing that CV confidence intervals provide
accurate coverage of the test error of a single ST fit even for moderate sample sizes, while they
fail to cover the difference in test errors between two ST fits even for very large sample sizes. We
empirically find the same dichotomy for the Lasso but not for ridge regression.

Related work The importance of the stability of an algorithm with respect to its general-
ization error [6] has prompted numerous studies of the stability of popular classes of algo-
rithms [6, 14, 16, 8, 1]. Across the years, different notions of stability have been introduced
[10, 11, 18, 21, 17, 20] and building upon the domain of algorithmic stability, multiple papers
[17, 20, 8, 2, 4] have established interesting relationships between the theoretical properties of cross-
validation and the stability properties of the algorithms involved. Austern and Zhou [2] and Bayle
et al. [4] derive central limit theorems and consistent variance estimators for the CV estimator under
sufficient conditions on the loss stability [20] or mean-square stability [17], which are known to
decay to zero for a variety of algorithms. However, to our knowledge, no prior works have assessed
the sufficient conditions for asymptotic normality in the case when the asymptotic variance in these
central limit theorems goes to zero, as would be expected in the common scenario of comparing
the performance of two algorithms that converge to the same prediction rule (e.g., if they are both
consistent for the optimal prediction rule). This is the focus of this paper, leading to novel negative
results about stability and validity of CV confidence intervals even in very regular settings. We note
that some recent works have studied various other aspects of asymptotic distributional properties of
CV [22, 23, 3], but none present negative results comparable to ours.

Notation For each n € N, we define the set [n] £ {1,...,n}. For deterministic sequences (f,,)n
and (gn, )n, we write f,, = w(gy,) to mean that g,, = o(f,,) asn — oo, we write f,, = Q(g,,) to mean
that g, = O(f,,) as n — oo, and we write f,, = O(g,,) to mean that f,, = O(g,,) and f,, = Q(gx)
as n — oo. Finally, we write f, ~ g, to mean that g—f‘ — lasn — oo.

2 Preliminaries

Before presenting our results, we establish some necessary definitions, largely following the notation
and language of [4].

We will consider a sequence (Z;);>¢ of random data points taking values in a set Z and a scalar

loss function h,,(Zy, Z) where Z is a training set of size n. A typical choice for h,, in the regression
setting is squared error loss,

ha(Zo, Z) = (Yo — f(X0: Z)),

applied to the predicted response value of a test point Zy = (X, Yp), obtained from an algorithm
fitting a prediction rule f (+;Z) to training data Z. When comparing the performance of two algo-
rithms, we will choose h,, to be the difference between the losses of two prediction rules. In order
to ensure a smooth read when we switch between the settings of single algorithm assessment and
comparison of algorithms, we will make the distinction clear by adding a superscript to h,,: h5ine
and hdif respectively. In addition, our asymptotic statements should all be interpreted as taking
n — 00.

For the purpose of illustrating the importance of considering stability in a relative sense rather than
an absolute sense, we will now define a notion of relative stability based on loss stability. We
introduce the definition of loss stability in the case of algorithms that yield a learned predictor
independent from the order of the training points, which will be our focus here, and we can then
evaluate the impact of replacing only the first point in the training set.

Definition 1 (Relative loss stability). For n > 0, let Zy and Z{,Z1,...,Z, be i.i.d. data points
withZ = (Zy,...,Zn) and Z' = (Z1, Za, ..., Zy). For any function h,, : Z x Z™ — R, the loss
stability [20] is defined as

V() = El(hn(Zo, Z) — Elhn(Zo, Z) | Z] = (hn(Zo, Z') — Elha(Z0, Z') | Z)))?].



We also define o*(h,) = Var(Elh,(Zo,Z) | Zo)). And finally we can define the relative loss
stability as

r(hy) & 2pthn)

We introduced these quantities for any function h,,, but we will generically refer to the loss stability
and the relative loss stability of an algorithm or a comparison of algorithms when h,, is clear from
context. Note that we include the factor of n in the definition of the relative loss stability because
it facilitates reasoning about this quantity in a relative manner, allowing it to always be compared
to 1. We will say that an algorithm or a comparison of algorithms satisfies the relative loss stability
condition if r(hy,) = o(1), which is equivalent to a key sufficient condition for the central limit
theorem and consistent variance estimation for cross-validation proved in [4]. We will illustrate
the importance of relative stability for CV by studying the soft-thresholded least squares regression
algorithm in the linear regression setting.

Throughout, we will consider i.i.d. data points Z; = (X;,Y;) € R? x R,i = 1,...,n from the
linear model

Y=X3"4+e, el X 2.1
parametrized by the unknown vector S* € RP, where Y = (Y1,...,Y,) € R™ is the vector of
response variables or targets, X = (X1,...,X,,)T € R™" P is the matrix of regressors or features
with X; ~ AN(0,I), and ¢ = (eq1,...,6,) € R™ is the noise vector with normally distributed

elements ; ~ N(0,72) for some 7 > 0. One of our proofs relies on the assumption ||3*|lo < p,
and our simulations in Section 5 confirm its importance.

The loss function considered for a linear prediction rule will be the squared error loss
B (20, 2) = (Yo — X )%,

where the estimated parameter vector B is learned from the training set Z = (71, ..., Z,,). When the
focus is on the comparison of two prediction rules, the loss function will be defined as the difference
of two such individual losses in the form

hdift(Z,,2) & (Y, — XOTB(l))z (Yo — XOTB(Q))z
for 3 and 3 both learned on the training set Z.

A very classic way to estimate $* is the ordinary least squares (OLS) estimator defined as

Bors & (XTX)"1XTY.
Note that the OLS estimator has a dependence on the sample size n. For the sake of simplicity,
we will leave this dependence implicit, but it will underlie asymptotic results which involve Sops.
When we expect the parameter vector 5* to exhibit some level of sparsity, that is to say it has some
number of zero coefficients, a popular estimator used is the Lasso estimator [28] for some choice of

penalization parameter A which determines the level of sparsity in the learned parameter vector. A
simpler cousin of the Lasso that we adopt to ease our analysis is soft-thresholded least squares.

Definition 2 (Soft-thresholding (ST)). We define the soft-thresholding estimator ST(\,,) element-
wise as

Bx,.i 2 sign(Bors,i)(|Bors,i| — 22)4, i=1,...,p.

Remark ST is known to exactly match the Lasso when the features are orthogonal [28], which is
approximately the case in our setting since our features are independent. Indeed, we will see that
the theoretical lessons learned on ST will hold empirically equally well for the Lasso as for ST.

3 Main Results

We state the two main results of this paper below. The first one relates to ST in the setting of single
algorithm assessment and details why it satisfies the relative loss stability condition, while the second
one focuses on ST in the comparison setting and reveals the fact that under realistic conditions on
the penalization parameters, it does not satisfy the relative loss stability condition.



For simulations with features and targets sampled in the same conditions as the theorems, we ob-
served that the values selected for A, via CV are concentrated around a constant times /n. It
therefore makes sense to compare two versions of ST with penalization of order y/n, and we do
so by setting the base level of penalization to \,, of order \/n and parameterizing the difference
in penalization of the ST algorithms by §,, of order 1. Note that both \,, and §,, are assumed de-
terministic in the theorems, but we will present simulations with stochastic A, selected via inner
cross-validation in Section 5. Under some regularity conditions on the features, Knight and Fu [19,
Thm. 1] proved that choosing A,, = o(n) ensures weak consistency of the Lasso estimator for 5*,
i.e. it converges in probability to 5*, and it is therefore natural that the regimes we study are always
within this weak consistency regime. As for the \/n order of the penalization specific to our second
result, it has been shown to be a regime of interest for variable selection consistency [29, 30].

Theorem 1 (Relative stability of individual soft-thresholding). Assume the linear model (2.1), with
feature and noise distributions as given immediately following its equation. For the single algorithm
assessment of ST(\,), the loss bS8 is defined as h$"8(Zy,Z) = (Yo — X Bx, )% If \n = o(n),
then

o?(hsing) — 274 y(hSne) ~ %

for a constant C > 0 whose explicit expression is given in (D.1), and thus ST satisfies the relative
loss stability condition since

() ~ % L = o).
The proof of Theorem 1 can be found in Appendix B. Hardt et al. [16] proved stochastic gradient
descent on convex objectives (of which ST is a special case) to have O(1/n) uniform stability [6],

which implies a loss stability of O(1/n?) by [17, Lem. 1] and [20, Lem. 2]. Thus, Theorem 1
proves a stronger result on ST’s loss stability by establishing 1/12 to be its exact rate.

Theorem 2 (Relative instability of soft-thresholding comparison). Assume the linear model (2.1),
with feature and noise distributions as given immediately following its equation, and ||5*||o < p.
For the algorithm comparison of ST(\,,) with ST( A\, +03,,), the loss h3'¥ is defined as h4 (Zy, Z) =
(Yo — Xq Br,)? — (Yo — Xg Br,v6,)% If A\ = O(y/0), Ay = w(1), and §,, = O(1), then
2 . .
5z o (h3T) — 472(|B*[lo, y(haT) = Q(ﬁ)
and thus the ST comparison does not satisfy the relative loss stability condition since

r(hIT) = (/) # o(L).

The proof of Theorem 2 can be found in Appendix E. We can think of Theorem 2 as a stylized
version of a setting where one wants to compare two similar machine learning algorithms, such
as when the two only differ by a tuning parameter. Then, even if both algorithms are individually
well-behaved, their comparison may not be.

4 Importance of Relative Stability for Cross-validation

To connect our results on relative stability back to CV and prepare for our numerical experiments,
we need to introduce some further notation. We have been using n for the size of the training sets
used in the iterations of cross-validation, while Bayle et al. [4] use it for the sample size of the larger
set on which CV is run. For the sake of simplicity, we will write k instead of k,, to denote the number
of folds even though it can depend on n (leave-one-out cross-validation corresponds to k = n + 1),
and we will assume that £ — 1 evenly divides n. The sample size of the larger set is then simply

equal to k"—_kl
For B a vector of indices in [;2%;], we denote by Zp the subvector of (Z1,...,Z b ) which follows
the ordering of B. When assigning points to the training set and validation set, we can refer to

train-validation splits (B, B') based on the corresponding vectors of indices in [;2£]. It is typically
assumed that every data point is either in the training or validation set, that is B and B’ form a

partition of [k”fkl], leading to sizes n and ;"5 for B and B’, respectively.




Consider {(B;, B})}%_, a set of k train-validation splits such that [;2£.] is partitioned into k folds

by the validation indices {15] ;?:1, and a scalar loss function h,(Z;, Zg), we define the k-fold
cross-validation error

. . &
Ry 2 Tkl j=1 ZieB; hn(Zi» ZB]‘)
and the inferential target, the k-fold test error

R 2 53 s Ve Blin(Zi, Z3,) | 7). (“.1)

In our notation, Bayle et al. [4] use the stability condition (h,,) = o %), equivalent to r(hy,) =
o(1), to prove the central limit theorem

nk
Va5 (B — Ry) 5 N(0,1), 4.2)
Along with an estimator 62 (h,,) provided in Bayle et al. [4] and proved to be consistent for o2 (h., )
therein, this central limit theorem enables the construction of asymptotically valid confidence inter-
vals for R,,. Note that it is indeed possible to use the training sample size in the denominator of the
stability condition rather than the full sample size of the dataset on which CV is run, as k"—_kl =0(n)
for any choice of k > 1.

When assessing a single algorithm, unless we are in a fully noiseless setting, we might expect
o (hsin8) to be of constant order in general. This means the loss stability condition simplifies to a
condition on stability in the absolute sense y(h$"8) = o(1/n). For instance, we show in Lemma C.2
that in the linear model with noise, for any linear predictor satisfying some consistency condition,
o2(h$in8) converges to a positive constant. However, when comparing two consistent algorithms,
we then expect o2 (hdiff) to go to 0 for algorithms whose performances become increasingly similar
when the sample size grows, and this is when reasoning about stability in an absolute sense, as
has been the focus in past literature, becomes insufficient. In fact, in Theorem 2 it turns out that
v(hdH) = O(1/n?) (see Appendix G), so the ST comparison is loss stable in the absolute sense.
But the relative loss stability condition fails because it properly accounts for the fact that o2(hdiff)
goes to zero at a 1/n? rate.

S Numerical Experiments

We performed numerical experiments to empirically confirm the theoretical results of Section 3
for ST. We sampled the features from N (0, I), the target variables from the linear model (2.1) with
parameter vector 5* = (3,1,-5,3,0,0,0,0,0,0) of dimension 10, and the independent noise terms
from A/(0,7%) with 7 = 10. We fix & = 10. To satisfy the assumptions of Theorems 1 and 2, we
choose \,, = /n for the base level of penalization, and when comparing algorithms, we set §,, = 1
for the difference in the penalization parameters. We used Monte Carlo estimation to compute
both o2(h,,) and ~(h,,), leveraging Lemmas H.1 and H.2 proved in Appendix H. We also provide
additional details about the experiments in Appendix H. Open-source Python code replicating all
experiments can be found in the supplemental material.

We present two types of plot. The first type displays the rates for o2(hy,), y(hy) and 7(h,,) on
the log—log scale by plotting their values with dots. To facilitate the visual identification of their
rates, we plot lines for the corresponding rates. We display the values with a 42 standard error
confidence band, with details on how to obtain it for r(h,) in Appendix H. Note that, thanks to
the large number of Monte Carlo replications used, the error bars are very small and thus are not
visible. For the second type, using kernel density estimation (KDE), we plot the probability density

| _nk nk
function across sample sizes of both 0(23 (R, — R,) and &Vn é“}; 1) (R, — R,), where 62(h,) is

the within-fold variance estimator introduced in [2, Prop. 1] and proved to be consistent for o? (hn)
under the relative loss stability condition in [4, Thm. 4]. We expect convergence in distribution to
N (0, 1) under the relative loss stability condition thanks to the combination of results of Bayle et al.
[4, Thms. 1, 2, and 4], we thus shade the area below the curve of the probability density function
of A(0,1) to make it clearer when the probability density function curves match or not. From its
definition (4.1), note that I?,, is straightforward to compute in the simulations thanks to Lemma H.2.
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Figure 1: ST with \,, = /n when * = (3,1,-5,3,0,0,0,0,0,0). Top: o2(h,), v(h,) and
r(hy) all normalized by their values at n = 900. Bottom: (best viewed in color) KDE plots for

Vror (R, — Ry) (solid curves) and %(Rn — Ry,) (dashed curves).
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For the ST estimator with \,, = 1/n, the simulation results are presented in Figure 1. For the single
algorithm assessment of ST, the rates of o2(h5"8), v(hsi"8) and r(hS"®) are constant order, 1/n2
order and 1/n order, respectively, as stated in Theorem 1, and for the algorithm comparison of ST,
when §,, = 1, we have the expected 1/n? rate for o2(hdff) and we actually observe that (hdiff)
and r(hdf) seem to be scaling as 1/(n?y/n) and /7, respectively, even though Theorem 2 only
established them being €) of these rates. As we can see for both choices of the dividing standard
deviation in the KDE plots of Figure 1, the asymptotic distribution seems to be Gaussian, but the
asymptotic variance does not go to 1 when the relative loss stability condition does not hold, that
is to say in the comparison setting. An interesting observation is that despite &%(h?jﬁl) not being
consistent for o?(h%f) when the relative stability condition does not hold, it is actually overesti-

mating and thus reduces the mismatch with the true variance of /% (R,, — Ry,), even if it is still

significantly below.

To see if the theoretical results carried over to the Lasso, a close cousin of ST, we ran simulations
for the Lasso with A, selected via an inner CV (see Appendix H) for each of the k iterations of the
CV run, still with constant order §,, = 1 for the comparison. As mentioned in Section 3, we actually
observed in simulations that the values selected for \,, are concentrated around a constant times /7.
The results for this new setting are displayed in Figure 2 and confirm that the same conclusions hold
empirically as for ST.

There are definitely instances when an algorithm satisfies the relative loss stability condition both
in its individual form and in the comparison setting. One example of this is the ridge estimator and
we present the corresponding simulations in Figure 3. Bousquet and Elisseeff [6] proved that ridge
regression, with bounded targets, has O( 1) uniform stability. This means it has O(- ) loss stability
by [17, Lem. 1] and [20, Lem. 2]. In the simulations, we see that for individual ridge, with no
boundedness assumption, with isotropic features, loss stability scales as 1/n? and the relative loss
stability condition then holds since o%(h$i"8) is of constant order. And loss stability scales as 1/n*
in the comparison setting, which, when compared to the observed 1/n? rate of o2 (hdff), means the
relative loss stability condition also holds for comparison.
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As a matter of fact, when 5* has no zero coefficients, the ST estimator can also be an example of
an algorithm which satisfies the relative loss stability condition in both its individual form and in
the comparison setting. The theory sheds light on the importance of the zero coefficients in the true
parameter vector. When S* has no zero coefficients, i.e. ||[5*||o = p, ST actually becomes stable
for the algorithm comparison setting. The results of the simulations for this setting, with the choice
B* = (3,1,-5,3,4,-3,10,8,5,2), are presented in Figure 4 and show how the convergence rate
of y(hdif) changes compared to the ||3*|lo < p setting. It now scales as 1/n*, which means that
ST satisfies the relative loss stability condition 7(h9f) = o(1) in the comparison setting, since
g’—; o?(hdif) still goes to 472||3%||o when ||3*||o = p. Nonetheless, we reiterate that even a single

zero coefficient in B* leads to instability for ST, and more generally Lasso, in the comparison setting.

6 Conclusion and Future Work

Cross-validation is a powerful tool, but given its widespread use for comparing and selecting models,
scrutiny of its statistical properties is critical for safe model deployment. This work highlights the
importance of relative stability for CV and the challenges posed by relative instability for model
comparison. In particular, we proved that even simple, absolutely-stable learning algorithms can
generate relatively unstable comparisons. In practice, this led to invalid and highly misleading
confidence intervals for the test error difference with o2 (h%if) being well below the targeted variance

of k”—_kl (Rn — R,,). Since CV is often used to conduct formal hypothesis tests for an improvement

in test error between two learning algorithms [12, 24, 25, 5, 9, 4], our work shows that such tests
can be misleading even for simple, absolutely stable algorithms and that method developers and
consumers should first verify the relative stability of a comparison before applying them.

However, this work is not without its limitations. For example, our analysis does not show that
all model comparisons are relatively unstable. Indeed the experiments of Section 5 suggest that a



second popular model, ridge regression, does generate relatively stable comparisons. Establishing
broad, easily verified conditions under which an algorithm comparison is or is not relatively stable
is an important direction for future work. Second, while we prove the relative instability of ST
comparisons and demonstrate the invalidity of their CV confidence intervals, we leave open the
question of whether relative instability always implies CV invalidity.

Finally, our presentation thus far has focused on identifying and proving instability and leaves us
without a general solution for confidently comparing models. While we have shown that the CV
central limit theorem (4.2) and hence the CV confidence interval construction of Bayle et al. [4] can
break down in the presence of relative unstable comparisons, it is possible to produce an asymp-
totically conservative (and hence valid) confidence intervals for CV whenever the algorithms are
individually stable in the following way:

Proposition 1 (Comparison coverage from single algorithm coverage). Let ]%511), R%l) be the cross-
validation error and test error of algorithm A, and RELQ ), Rg ) those of algorithm As. To compare
Ay and As, if [L%”, U,Sl)} and [Lg)7 U7(,2)] are asymptotic (1 — «/2)-coverage confidence intervals

for RS) and Rg), respectively, then
L0~ U@, U - 1)
will asymptotically cover RS) — Rg) with probability at least 1 — a.

Proof
liminf, o P(RYY — RY e LV — uP, Ut — L)
> 1 —limsup, . P(RY ¢ [LV, UM or R ¢ L, UP))

>1—limsup,,_, ]P’(R,(zl) ¢ [LS}’, Ur(Ll)]) + limsup,,_, o ]P’(Rgf) ¢ [Lsf)? UT(LQ)])
>1-a/2—a/2=1-a.
O
This approach would ensure valid asymptotic coverage under individual algorithm stability without

requiring any additional stability assumption on the comparison. However, the interval could also be
significantly wider than the interval derived from Bayle et al. [4], due to strong positive correlations

between R;” and Rﬁf) ignored in the construction of Proposition 1. An open question for the reader
is whether one can derive tighter confidence intervals for algorithm comparisons when it is only
known that each algorithm is individually stable.
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A Additional Notation

Let &% denote almost sure convergence. Let 1[A] denote the indicator function of a subset A. We
will denote by ® the cumulative distribution function of the standard Normal and by ¢ its probability
density function. We define the sign function as sign(x) = é—‘l[x # 0] and the positive part as

x4 = max(z,0). We write M ~ W' (X, n) to indicate M follows the inverse-Wishart distribution
with n degrees of freedom and scale matrix ¥ € RP*P,

B Proof of Theorem 1: Relative stability of individual soft-thresholding

Theorem 1 follows immediately from the following two propositions, proved in Appendices C
and D, respectively.

Proposition B.1 (Convergence of o2(h5in8) for ST()\,)). Assume the linear model (2.1), with
feature and noise distributions as given immediately following its equation. If \, = o(n), then
o?(hsing) — 274,

Proposition B.2 (Convergence rate of (h$"8) for ST(\,)). Assume the linear model (2.1), with
feature and noise distributions as given immediately following its equation. If A, = o(n), then
y(hSing) ~ %for a constant C > O whose explicit expression is given in (D.1).

C Proof of Proposition B.1: Convergence of o2(h5"8) for ST()\,,)

We start by introducing a lemma which provides equations that will prove useful in the single algo-
rithm setting.

11



Lemma C.1 (Useful equations for single linear predictor). When defining h,(Zy,Z) = (Yo —
XoTﬁ)z, we have:

ha(Zo,Z) = Y — 2Yo X B+ tr(Xo X, BBT)
Elhn(Zo,Z) | Zo) = Y& — 2Yo X E[B] + tr(Xo Xy E[357])
Elha(Zo,Z) | Z) = E[Y] — 28*TE[Xo X, |3 + tr(E[XoXq |35T)
E[hn(Zo, Z)] = E[YF] — 28*TE[Xo X{ JE[8] + tr(E[Xo X, JE[3
[

BT)
o*(hy) = E[(Y7 - E[Y§] - 2(YoX{ — 8*TE[XoX] )E[S]
+ tr((XoXg —E[XoX] )E[357)))?
y(hn) = E[(2(YoXg — B E[XoX] ])(B' - B)
+tr((XoXJ — EXoXJ (3BT — BAT))?
where B' is the linear predictor learned on a training set Z' that is the same as Z except for the first
point Z being replaced by an i.i.d copy 7.
Proof
ha(Z0,Z) = (Yo — Xq B)?
=Y§ - 2Vo X B + (X, B)?
= Y3 - 2Yo Xy B+ X4 BB Xo
= Y2 -2V X, B+ tr(XoX] BBT)
Note that E[Yo X ] = E[E[Y; | Xo]X{] = E[X] 8 X ] = A" E[XoX] .
Since B is only a function of Z, the independence of 7, and Z yields the next three equations.
The fifth equation comes from noticing
o2 (hy) = Var(Elhn(Zo, Z) | Zo]) = E[(E[hn(Z0, Z) | Zo] — E[hn(Zo, Z)))?].
And the last one comes from the definition of v(h,,) as
V(hn) = E[(W(Zo, Z) — h(Zo, Z') — (E[h(Zo, Z) | Z] — E[h(Zo, Z') | Z')))?].
O

In addition to giving a first glimpse into the differences between the single algorithm and comparison
settings, the following lemma plays an important role in our proof via its result for a single linear
predictor.

Lemma C.2 (Convergence of o (h$"8) and o?(h3if)). Assume the features are drawn i.i.d. from
a distribution with mean 0 and identity covariance matrix. For a single linear predictor, if we have
consistency in the form of B[B,,] — B* and B[B,3]] — B*B*T, then o?(hi™8) — 274, where 72
is the variance of the noise term in the lmear model (2.1). For two linear predictors, if we have
E[BY — B3P = 0and B[V BT — B2 BT = 0, then o (hdifF) — 0.

Proof LetYy = X, 3* + ¢¢ be the response variable with Var(go) = 72. Using the information
on the distribution of X and the independence of X and ¢, note that

E[YZ] = Var(Yy) + E[Yy]? = Var(X, 8* +2¢) + 0 = 8* T Var(Xo)B* + Var(eg) = 5* ' g* + 12.
For the single linear predictor, starting from the expression of o2(h,,) in Lemma C.1, since E[Bn]

and E[Bn BI ] are non-random, we can expand the square, use linearity of expectation, take the limits
and factorize back to obtain the convergence

o?(h3"%) = E[(Y5 — E[Y7] — 2(YoXg — B*TE[XoX( )E[Ba] + tr((XoXg — E[XoXg DESa5,1))°]

= E[(Y§ — E[Y§] - 2(Yo X, — B*TE[XoX( )" + tr(Xo Xy — E[Xo Xy ])8*5*T))?]

— E[(Y02 _ B*Tﬂ* _ 7_2 _ QY()X(;'—ﬂ* + 2B*Tﬂ* + tl"((XOXJB*ﬁ*T _ ﬂ*B*T))Q]
E[((Xg B* +e0)® = BT 8" — 72 = 2(X( B* +e0)Xg B* + 2B B + (XJ %)
= E[(e3 — 72)?] = Var(e2) = E[e§] — E[e3]? = 3% — 7% = 274

12
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Similarly, we derive the second result with two linear predictors by starting from the expression of
o%(hy,) in Lemma F.1. O

We will show that E[3y ] — 8* and E[3 AHBA:\U — B*B*T in order to obtain the convergence of
o (h$in8) as an application of Lemma C.2.

We have fori =1,...,p,
B,.i = sign(Bovs.i) (|BoLs.i| — n” )4

. |Bovs,il — 2= if |Bovs,¢| > 2=
= sign ; ' n ZOLS, n
s (ﬂOLSﬂ){O ifWOLs,z‘| < ’\7”

A classic result for the OLS estimator is fors | X ~ N (8%, 72(XTX)~!). We can write BOLSJ- =
B + TnZ where 7, = = (XTX) and Z | X ~ N(0,1). Note that we could have i as a
subscript of 7,, and Z, but we will only con51der one ¢ at a time in our computations and we can thus
omit this subscript for both of them for the sake of notational simplicity, and we will also omit it for
some additional notation we define in the rest of the proof.

We now show that E[By,, ;] — 5.

Using the law of total expectation,

E[By,.i | X] = E[fovs,i — 7 | Bovs,i > 77X} P(Bors,; > 2= | X)
+ E[Bors,i + 2u | Bos,i < —2n X] P(Bors,i < —2n | X).

Define o) = le( — Bf) and olP) = %1" (A= + B5).
The first probability is equal to
P(Z > o) |X) =1 - d(af))

and the second probability to

P(Z < ~a?) | X) = &(-al?) = 1 - 0(a?).

Using the first moment of the truncated normal [7], we have

]E[BOLS,i_%|BOLSz > Ao X] = ﬂf—%+%nE[Z|Z>Oé£z) X]

n

_ Q% An ~ So(a(l))

1-d(a'l)
and
Elfovsi + 22 | fors; < —22,X] = B + 22 + 7,E[Z | Z < —al)]
= B} + % — T E aii;
Therefore
Bl | X) = Blfous. = | Bouss 2 3 X)P(Fous. 2 3¢ 10
+E[Bovs,i + 2= | BOLSZ < —2a X] P(Bors;i < —2= | X)
= (87 = 2201 = 2(ar)) + Fugplen) + (8 + 5)B(-as?) = Fupl—0i?)
(5 2001 Bl + (3 + 2002 o) - o -alP)
Note that ¢’ (z) = —z@(x). A straightforward study of the behavior of the function z — zp(z)

shows it is bounded. We denote the maximum of its absolute value by M.
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Using the mean value inequality for ¢, we have

Falelar’) = o(-art )| < Fulas? = (- max |4
Ay "0y

< M7, |af — (—a?)]
= M7, 2 (3 — BF + 22 4+ B)
=2M3x

Therefore, since A, = o(n), 7o, (p(« (1)) gp(—ag))) goes to 0in L1,
We first consider 37 > 0.
XTX 2% E[X0 X, ] (strong law of large numbers), and \,, = o(n), we have 7, =% 0T, and

using the continuous mapping theorem a% ) 2% 5o and a(2) —

)

Since

— 4-00. ® is continuous bounded
to 0. By putting everything together, we obtain

X]] - ;.

so we get L' convergence of ®(« )) and ¢(—«

E[B»,.i] = E[E[B, i

When 3} < 0, we show in a similar manner that E[3,, ;] — 5.

If 87 =0, oV = alPso1 - @(aﬁl)) = (D(—agf)) and @(a&l)) = o(— (2)) which leads to
[5,\7“1 | X] = 0and thus E[38), ;] = 0.

Thus, we have convergence component-wise and can conclude IE[B N, — B
We now show that E[BA”B)\”J] — BIB;.
Note that
E(Bx.iBrn.i = B85) = El(Br.i = B)Br..q) + BEB,.; — 53]
where, using Cauchy—Schwarz and the fact that (a + b)? < 2(a? + b?),

E(Brni = B Brnsll < EUBrni = BRI, ) < /BB, — BOH2(E(Br, 5 — )] +

Therefore, proving E[BAM‘B/\W il = B B; forall i, j comes down to proving E[(Ba, =B —
for all i given that we have already shown E[By,, ;] — 3} for all i.

As a reminder, we have

~

5 . |Bors.i| — 22 if |Bovs.i| > 2
Bx,,i = sign(BoLs,i ’ noo T T
L5 ( l) 0 1f|ﬂOLS,i| < )\#

thus
E[(Bx,. — B7)% | X]
=E[(Bors,i — BF — @)2 | Bovs,i > 2=, X]P(Bors,i > 2= | X)
+ E[(Bovs,i — B + 2u)2 | Bos,i < —2n X] P(Bos,i < —2n | X).
Using the second moment of the truncated normal [26], we have
E[(Bors,i — B — 22)? | Bovs,: > 22, X]
—E[(7Z — 22)2 | Z > iV X]
= #2E[2? | Z>all X] - 27,2E([7 | Z > o), X] +
_ 7:2(1 4@ %(a(l))) 97 An (o) AZ

- (M) gl n?
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and
E[(Bovs,i — B + 22)2 | Bos, < — 2=, X]

= F2E[22 | Z < a<2> X 4 27,2E[7 | Z < _aﬁf),X} + 2
(2) (2))

—« ~ al®
RANE =T e
Thus
E[(Br,.i — B7)7 | X]
= E[(BoLs.i — B — 22)? | Borsi = 2=, X P(Bors,; > 2= | X)
+E[(Bous,i — BF +22)? | Bors;i < —22, X]P(Bors,; < —2= | X)

— 72(1 = B(af) + alPp(all)) — 27,22 () + 24(1 - ( "))
+72(®(—a?) + aPp(—al?)) - 27,22 0(—a?) + 2B(—a).

For X; '~ N(0,T), we know (XTX)~' ~ W, '(I,n), therefore E[(XTX)!] = -—L— and

p—1
E[(X2)7)] = i = o(n).

Thus, using Jensen’s inequality, E|

A< VBN = | fa = oV,

T ( XX )
NG
previously mentioned, the function 2 +— xzp(x) is bounded. Since ® and ¢ are also bounded, and
An = o(n), then

As a reminder, 7, = . We then have L' convergence of both 7,, and 7 7' to 0. As

E[(Bx,.i — B)%] = E[E[(Bx,.i — B5)* | X]] = 0.
Therefore, we get

E[Bx, By ] — BB

We can then conclude that o2 (h5n8) — 274 by Lemma C.2.

D Proof of Proposition B.2: Convergence rate of (h:"¢) for ST(),,)

As areminder, to study the loss stability, we consider Z] = (X1, YY) ani.i.d. copy of Z; = (X1,Y7)
used as replacement for the first point of the training set.

Define the vector V' £ (Y] — X|T8")X| — (Y1 — X, %)X, and the symmetric matrix M =
*(VB*T Jrﬂ*vT)_
Starting from the expression of y(h,,) in Lemma C.1 and using the fact that Xy ~ N(0, I), we have
y(hsinE) = E[2(YoX] — BT) (B}, — Br.) + tr((XoXg —T)(Br, BY, — B4, BN
We will show that
v(h5e) ~ BE[2(YoXy — B*T)V + tr((Xo X —I)M))?].
by proving that the difference
Wy £ (2(YoXg — 8T)(B, — Br) + tr((XoXg —T)(Br, B3, — B4, By0)))?
— (2(YoXg —B*1) % +tr((Xo Xy —1)40))?
goes to 0 in L',
Since a® — b = (a — b)(a + b), we have
Wn = (Dml + Dn,2)(sn7l + Sn,2)~

15



where
Dy £2(YoX, — 5”)(5 — B — %),
Drpz & tr((XoXg — I)(BAHBL = BB = 50D,
Sna 22(YoX] = BBy, — B, + L),
S 2 tr((XoXy —D)(Bx, By, — B4, By +2L)).

An

Using Cauchy—Schwarz and the fact that (a + b)? < 2(a? + b?),
EHWnH < \/E[(Dn,l + Dn,2)2] E[(Sn’l + Sn,2)2]
<2\/EID2, + D2, E[S2 , + 52,].

To obtain convergence of W), to 0 in L', we will thus prove that E[D?
E[D} ;] = 0 and E[S}. ,] = O(1).
We have

E[D2,] = E4(YoX] — B*T)(By, — Br, — L)(Bs, — Br, — L) T (YoXo — %))
)

] = 0, E[S; 1] = O(1),

=E[4tr((YoXg — 8)(B}, = Br, — )P, — B, — )T (YoXo — 5%))]
= E[dtr((YoXo — B)(YoXg — B*T)(B, — B, = 5)(B5, = B, = ) )]
= 4tr(E[(YoXo — ) (YoXg — B T)(BL, = Br, — 2)(BA, = B, — ) TD)
= 4tr(E[(YoXo — 55)(YoXy — B TEIBS, — B, —3)(BA, —Br, — %) 7D
as BS\ ﬂ Ay — 1s a function of the training points and using independence of Z from the training

points

By Cauchy-Schwarz, for all , 7,

BB, = B = L)B5 5 = Brug — DN < BB, 2 — i = LIABLBL,,; — s — 22
thus, if we show E[(BS\“ — B — %)2] — 0 for all 4, then we obtain

E[(By, = Br, — 3)(B5, = B, — )] =0
and therefore E[D?2

7.1) — 0. We are going to hold off on proving ]ET[(B; i — B, — L) =0

n
as we will actually show the stronger convergence E[(3} — B, i — Yi)4] — 0 in the context of

proving E[D2 ,] — 0.
With similar computations and upper-bounding, we can show that E[Sﬁ’l] = O(1) if we prove that
forall i, B[(3} ; — Br,.i + )% = O(1).

As we have shown in Appendix C that the soft-thresholding Lasso estimator is consistent for 5* in
L? when \,, = o(n), both E[33 ] and E[32 ;] are bounded and thus E[(8} ; — fx,.i + )% =

O(1) since (ﬁAf\“ — B, i+ Yiyz < 3(5:\2“ + B?\nl nz ) by Cauchy—Schwarz.

We now focus on proving E[D? ,] — 0.
We have

Do = tr((XoXJ —D)(Bx, B, — 85, By — )
= Xg (B, By — By B\ — M) Xo —tx(By, By — By, By — M)
=2 (Xo:Xo,; — 1[i = I Banibr,j — ﬁ,\mlﬂAmj — Mr’;'f)
= 30 Ui BraiBng = By, iBh, 5 — 24
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where Ui’j £ XO,iXO,j — ]].[Z = j], and thus

D3 5= 3 k0 UiiUka(Br,iBa,.j — Py

5 Mi\, 5 5 P 5 My,
B i = ) B kBt — B, kBN~ )

Using independence of Zj and the training points, we have
E[D%,Q] = Zi,j,k,l E[Ui,jUk,l]E[(BAn,iBAWj - Bg\n,iﬁi\n,j -
where, using Cauchy—Schwarz,

E[|(Bxnirni = B, 4,5 = Ml‘w(ﬁ}n,kﬁxn L= B B — >n

< \VEIBrn B — B, 85,5 — 20)20E((Br, wri — B, 4Bh, o — 2t)2).

(X}

M5 A PV My
L) (B kBt = BA, 1B 1 — 0

We thus want to show E[(BA”,iBAn,j - B4 BS\] - MnJ )2] — 0 for all 4, 5.

’!L)Z

Since M = —(V3*T + B*V'T), we have M; ; = —V; 35 — 3;V; and then

~ A A~ ~ M’L .
BrniBrn.i — Bﬁ\zﬂg\g -

A Lo v, v
= B, iBrag — BN, BN, 5+ W B+ B

— (B i = Brnsi = L)Bang = Bh, i(Bh, = B — ) — L(Br, s — B — (BL

ok

nyt nst

By Cauchy-Schwarz,
(BaniBang — By, B, 5 — 2t )2
= ((Bhi = B = )Brg + B3, (Br s = B = 32) + LBy = B + (By, s — B2

5 5 95 X 5 . V2, 4 5 \%
< 4((63\“ - 5/\7“1‘ - %)Qﬁin,j + 6)3,1‘(53\",3' - 5/\”73’ - #)2 + ﬁ(ﬁkmj - 5;)2 + (ﬁé\n,i - 51'*)27732

and the probability version of Cauchy—Schwarz yields

E[(B)\n,iB)\nJ — Bg\zﬁg\] _ %)2]

<4 \/E (BS\ i—ﬁA,\mi—g)] ﬁA j —|—\/IE ﬂ)\ J B/\n,J—ﬁ)‘l]
BB — )+ BL,  — 60)1) ”>.

Hence, we will get E[D?. ,] — 0 if we prove that for all ¢

E[(B, s — 87)*] — 0, the proof will be the same for E[(B;mi - B54 =0,
E[(Bg\n [ /8)\'”71 - ;) ] - 0

Note that we will automatically get L? convergence of B;\n i B Ny i — % to O for all ¢, which implies

E[D3 ;] — 0 as mentioned earlier.

’!‘L?i

We now introduce a lemma that will allow us to upper-bound quantities of interest.

Lemma D.1 (Holder corollary). For integers k,{ > 2, for (ay,...,ar) € R¥, we have the following
inequality

k — k
(i i) < B faal”.

Proof For (z1,...,71), (y1,...,yx) € R¥ and p,q € (1,+00) such that % + % = 1, Holder’s
inequality gives us

k k 1 k 1
doim |yl < Q0o |zalP) P (i vl )

and therefore the lemma is an application of it with z; = a;,y; = 1,p = L. O
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Combining Lemma D.1 for £ = 4 with similar computatlons and upper-bounding as above, we
can show that E[S? ,] is bounded if for all 4, ]E[ﬁ/\ i) and ]E[ﬂA ;] are bounded, which automat-

ically comes from the L* convergence of the soft- thresholdlng Lasso estimator to B* needed for
E[D2 ,] — 0.

We start by showing E[(B, i — B;)‘*] —0
As a reminder, we have
5 L BOLS,i - ’\7" if BOLS,i >
Br,i = s1gn(50Ls,1:){l) | " :BOLS,i: -
thus, using (a + b)* < 8(a* + b*), which is an application of Lemma D.1
E[(Bx,. — B7)" | X]
=E[(Bovs,i — BF — 22) | Bors, > s ,X]P(ﬁol_s i
+E[(Bors,i — BF +22)* | Borsi < —22, X]P(Bors,; < —2= | X)
< 8(E[(Bors,i — B)* | Bors,i > %HX} + %)P(BOLSi > 2a | X)

+ 8(E[(Bovs,i — BF)* | Bors,i < —2n X] + n4) (Bovs,i < —2n | X).

= :\5:\5

|\/
sk
!

Since fors | X ~ N(B*,72(XTX)™1), we can write fors; = S5 + 7nZ where 7, =
ﬁ (XTX) and Z | X ~ N(0,1). Note that we could have ¢ as a subscript of 7,, and Z,
but we will only consider one ¢ at a time in our computations and we can thus omit this subscript
for both of them for the sake of notational simplicity, and we will also omit it for some additional
notation we define in the rest of the proof.

Define o) = (%2 — jf) and all) = L - (32 + BY).

Using the fourth moment of the truncated normal [26], we have
E[(Bovs,i — BF)* | Bovs,i > 2= o, X
=E[(7,2)* | Z > ag”,x}
=HE[Z* | Z > o, X]

7434 ((af)? +3a‘1))so(a“’))

1-3(al;
and
E[(Bovs,i — B7)* | BoLs,i < —22,X]
—FE[Z | Z < —aP, X]
(2) (2) (2)
743 4 o );—(a (lf’)( o)),
Since P(fors; > 2 | X) = 1 — @(al") and P(fovs.; < —22 | X) = &(—a'?),

E[(Bx,.i — ﬁi*)4 | X]
< 8(E[(Bovs. — B1)* | Borsi > 2. X] + 24)P (BOLSZ- > 2| X)
+ 8(E[(Bovs,i — B)* | Bous, < — 2u X] 4 ) (Bovs,i < < -2z | X)
= 8(374(1 — D(af”)) + 7 () + 30 )p(ad) + n—z(l — ®(ai))
+8(374d(—al?) + 7((a2) + al?)p(—aP)) + 240(—al?)).

For X; % N(0,1), we know (XTX)™! ~ W, (I, n) and then the diagonal element (X X); }

follows an inverse gamma distribution with shape parameter ”%H

_ T
fore, E[((XTX)i’Z.l)Q] = m and E[((X;X

and scale parameter % There-
2

—1 n
)i *] = Gt = o(n?)-

18



XTX) Iy il. We then have L' convergence of 7 to 0. As previously

As a reminder, 7,, = ﬁ (

mentioned, the function x — z¢(x) is bounded. Similarly, a straightforward study of the behavior
of the function = — 23p(x) shows it is bounded. Since @ is also bounded, and \,, = o(n), then

E[(Bx,..i — B)'] = E[E[(Bx,..i — B)* | X]] = 0.
We now show that ]E[(Bﬁ\n N~ Yiyd) — 0.
We have
BS\ g BA,L,i

= sign BOLS i

(1BoLs.i| — Ay,
- Sign(BOLS,i){

oLs il — Aoy, — sign(fovs,;

=

|BOLS,1’| - ’\7" if \B:OLS,H > A

2]

)(153¢
|/BOLS il — /\TZL if |50Ls i >
= sign 50Ls Ji

if [ Bops,s| < 22 0 if [BoLs,i| < 2=
50Ls i if 50Ls,i > 2n Bovs.i — Ao if Bovs.i > A
= /BOLS,z + 52 if Bé)LS,i < -2 Bors.i + Ao f BE)LS,Z’ < 2o,
0 if |B(IDLS,1‘| < Zn 0 if | Bovs,i| < 2=

As an intermediate step, we need to show 55 ¢ — SoLs — % 25 .

Let X 2 (X,,...,X,)7T be the matrix of regressors for the training points except for the first one
that is being changed.
We have

BoLs — Bors

_ (X/TX/)flx/TY/ _ (XTX)fleY
= XX+ XX XY 4+Y/X) - XX+ X, X)) ' (XTY + VX))
= [(XTX+ X X)) - XTX + X, X)) )XY
+ (XTX + X[ X))/ X — (XTX 4+ X1 X )"V Xy
Using the Sherman—Morrison—Woodbury formula,
XTX 4+ X, X)) =XTX)" = (XTX) "' X (T4 X, (XTX)71x) X (XTX) !
T T T T
= 2(EE) 7 - HER) @+ 2x]T (R X)) x (BE)

where, by the strong law of large numbers,

. Ané(in*) L 2% BXoXJ ]l =1,
e B, 2 (X X)X (14 AT (X)) xy) X (B E) A x X
Similarly,
(XTX+ X{X{") "t =14, - LB,
with
By, & (F) X+ {7 ) ) T (R T S X
Then
Bis — BoLs = = (Bn — BL)XTY + (24, — LBV X] — (LA, — L B,)Yi X,
= 1B, - B)EX + (L4, - LEB)YIX] - (1A, — LBV X
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where ¥ 2% E[YyXo] = B*, by the strong law of large numbers.
Therefore,
n(Bous — Pors) == (X1 X\ — X{X{T)B* + Y/ X] -V X,
= (Y] = X{TB")X] - (V1 — X! B") Xy
=V

We can write

(5,\,“1 Bani— L)t = (BéLs,i — Bors,i — L)t {BOLS,Z’ > %73(’)LSJ’ > 2du

+ (B(’)Ls}i - BOLS,i - %)4 1 {BOLS,Z’ < —%75'0L5,i < —%"}
+ (B/OLS,i — Bovs,i — 220 _ Viydq [BOLS,i < —2n B(/)LSZ' > %}
+ (BéLs,i — Bovs.i + 22n _ Viyd {ﬁOLS ;> A ,50Ls i < *%"}
+ (Bous, — A =)' 1 :\BOLS,H <22 Bous,i = A?"]
+ (Bouss + 5 — W) 1[\30Ls,i| <A Bos < —%}
+ (BOLS,i — ’\7" + %)4 1 :BOLS,i > /\7”» |Bé)LS,i| < )\Tn
+ (/BOLS,i + '\7" + %)4 1 _BOLS,'L' < —%7 |Bé)LS7i| < ’\7"}
+ (L)1 Bovs,i| < 2=, |BoLs il < }

and we have a similar expression for (Bj\n i ) Ansi — —) with terms taken to the sixth power.

Since BoLs | X ~ N(8*,72(XTX)~1) and we can bound the central moments of a Normal with the
powers of its variance, there exists C' > 0 such that E[(Bors,; — 5;)¢ | X] < C(7? (XTX);})?’ =
CTO((XTX); )3

For X; "™ N(0, 1), we know (XTX)~! ~ W, (I, n) and then the diagonal element (XTX) ! fol-

lows an inverse gamma distribution with shape parameter ”T”H and scale parameter 5. Therefore,

E[(XTX);})*] = (nfpfl)(n7;)73)(nfp75) , which means E[(SoLs ; — 87)°] and thus E[BSLS,Z’]’ by

an application of Lemma D.1 for ¢ = 6, are bounded. Similarly, ]E[B(/)ﬁLS,i] is bounded.

Consequently, since A, = o(n) and E[BSLSJ] and ]E[Bgisl] are bounded, the almost sure conver-
gence of the fourth moment turns into L' convergence to 0.

Therefore,
v(hsie) ~ LE[(2(Yo X, — BTV + tr((Xo X, —I)M))?]
= HE[2Y0 X, V = 26*TV — tr((Xo Xy —D(VE*T + 5V T)))?]
HE[2Y0 XV - 2X] 5* X V)?]
= LE[(2(Yo — XJ B) X, V)?] (D.1)

where V = (Y] — X{"8*)X| — (V1 — X{ )Xy

E Proof of Theorem 2: Relative instability of soft-thresholding comparison

Theorem 2 follows immediately from the following two propositions, proved in Appendices F and G,
respectively. Note that the first proposition holds for \,, = o(n) and §,, = o(n), and does not require
the assumption ||8*||o < p, which makes this proposition a stronger result than what is needed for
the proof of Theorem 2 assuming \,, = O(y/n), A, = w(1), 6, = O(1) and ||3*||o < p.
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Proposition E.1 (Convergence rate of o2(hd) for comparison of ST(),,) with ST(\,, + 6,,)).
Assume the linear model (2.1), with feature and noise distributions as given immediately following

its equation. If A, = o(n) and 6,, = o(n), then g—j o?(hdH) — 472|180

Proposition E.2 (Lower-bounding rate of v(h3f) for comparison of ST()\,,) with ST(\,, + 6,,)).
Assume the linear model (2.1), with feature and noise distributions as given immediately following
its equatton and ||3*]lo < p. If A = O(V/n), A\, = w(1), and 6, = O(1), then v(hdf) =
Q( n2 \f)

F Proof of Proposition E.1: Convergence rate of o2(hd) for comparison of
ST(\,) with ST(\,, + 9,,)

‘We will show that

gE[BA,,-&-&n — Bx,] — —sign(8%)

and

n_.a - 5 A . :
;E[ﬁkﬁ-tsnﬁlﬁén — ﬁ)\”/BL] — —(Slgn(ﬁ*)ﬁ*T + ﬁ*s1gn(ﬁ*)T)
where sign(5*) = (sign(5;"))icp)-

We have forv=1,...,p,

Banto,.i — Ba,.i = sign(Bovs,i)(|Bovs.i| — Aatln), sign(Bovs,:)(|Bovs,i —2ny,
X %‘ lf|ﬁOLSz| > 2atln
= —sign(fBoLs,i){ |Bovs,i| — 2= 1f|50Ls il € [ o ’\ Aatdn],
0 if |Bovs,i| < 2=
Since fors | X ~ N(B*,72(XTX)™1), we can write fors; = S5 + 7nZ where 7, =

ﬁg/(XTX) and Z | X ~ N(0,1). Note that we could have ¢ as a subscript of 7,, and Z,

but we will only consider one ¢ at a time in our computations and we can thus omit this subscript
for both of them for the sake of notational simplicity, and we will also omit it for some additional

notation we define in the rest of the proof.
We now show that $~E[8),,+s,,,i — Bx,.,i] — —sign(5]).

Using the law of total expectation,

]E[B/\ o — Bani | X]

= —22P(fors,; > 220 | X) 4 22P(fos, < — 2 | X)
- ]E[/BOLS i~ TL | ﬂOLs i € [An, 2ot ] XIP(forg,; € [2n, 2atda] | X)
—Elfovs.i + 3 | Bous.i € [ 2%, —22], X]P(fous,i € [~ 2%, —22] | X)

Define o) = (22 — ), o) = L (2 4 57), 05 = L (2ats gy and ) = L (Autba 4
B
In the order they appear, the four probabilities above are equal to

B(Z > 6 | X) = 1 - 8(6),

B(Z < -6 | X) = o(~6%),

n

P(Z € [, 0V] | X) = 2(61)) — 2(a?),

n

P(Z € -0, —aP] | X) = &(—a?) — & (—6?)).

n
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Using the first moment of the truncated normal [7], we have

Elfovs: — 22 | fous, € [22, 2at0a] X] = gr — 2 1 7 E[Z | Z € [0}, 6], X]

n?

P VI 2(05)) —p(all)
"e(0i))—@(all)

and
E[BOLS,Z’ + ’\7" \ BOLS,i € [—%7 —AT"]’X] =B+ ATT + 7 E[Z|Z € [—97(12)7 —ag)]aX]
_gr o dm = p(=a®)—p(—02)
=it o (—al?)—a(—0P)

Therefore
E[Bkn-&-é i— B | X]

:** (50Lsz> Aatda | )
— E[Bors,; — 2= o | ﬁOLs ; € [An, 2ntin] X P(Bovs,i € [An, Aatdn])| X

)
—E[Bovs.i + 2 | Bovs.i € [—7’\”:6” ,—2a] X]P(Bovs,; € [—2at, —2a]| X)

AOLS,i < *% | X)

On
n

= (1 - (6)) + (67
— (B - n><<¢”> o(al))) + 7u(p(65) — p(al)))
— (B + 22)(@(—al?) — B(—0))) + Fulp(—al)) — p(—65))
= (1 - 0(6))) + (67
_( B An)( (1) . %1))(1)/( 51 ) (9(1 )) (d(l))
— (B + 22) (6 - ”mw—@h+n@?—¢%we£%
where c( ) d;) [ %) 9(1)] and cgl),d@) € o 512),97(12)] using first-order Taylor expansions.

We have 05" — o) = 92 — o?) = %i%, @’ = pand ¢ (z) = —wp(z), thus

]E[B/\n+6mi - B/\,,L,i | X] = ( (9%1))) + %@(_9(2))
— (B = )L Bap(el)) — 7y 2 L d p(d))
() B — 7 (P ()

= =5 (1= BO) + (=017

B = )2 Sl — edid p(dl))

B+ 3 (=) — S (i p(—di))
= (1 - 2(6) + 2o (-617)

+ S plen”) = Sadip(dr)
2 2 2 2
- Zalp(=al) — B (=dPp(=di)).

—(
—(

We first consider 8 > 0.

Since A\,, = o(n) and §,, = o(n ) for n large enough, /\"”" < ﬂ* SO aSP < 9(1) < 0, thus for
AV e [an ) 6V, we have \an o] < 1o )08 ) = |9m 11057 |0(65"), where the ratio
al® An _ g

0(1) = m is deterministic and goes to 1.

As —9(2) < —ozg) < 0, for c%l) c [—0,(12), —04,(12)] we have | — a, )(p( )| < \—ag)w(—ag)ﬂ.

Since ﬁ 2% E[XoX, ] (strong law of large numbers), A, = o(n) and §,, = o(n), we have
%n 0+ and using the continuous mapping theorem, a(l) 2% o, 9,(} 2% o, agf ) a5

+o00 and 9( ) 2 22 1+ 0. We then also have d(l) 2% o and d(2) 2% 4 oo,
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® and © — zp(x) are continuous bounded functions so we get L' convergence of @(9%1)),

(=02, 057005, —alP p(—al?), dPp(dP) and —d'P p(—dP) to 0. By putting every-
thing together, we obtain

E[Bx, 15,0 — Banil = EE[E[BA”&M — B | X = —1 = —sign(8;).

n
On On

When 3 < 0, we show in a similar manner that

no_ A 5 _ .
(TEWMHM — Ba,.i] = 1= —sign(B]).

If 57 = 0, 047(11) a( and 9(1 9(2) sol— @(aq(ll)) = <I>(—oz7(¢2)), @(agl)) = gp(—ag)),
1—®(0) = d(—0?)and p(65") = o(—65?) which leads to

EBr,+6,.i — B | X]

= (1 - (o)) + S2p(-0)

— (87 = 22)(®(05)) = D(an)) + Fulp(08) — plaf)))
— (B + 22)(@(—ak?) = B(=07)) + Fulp(—al?) — (=03))

=0
and thus IE[BA"HM- - BAA”] =0 = sign(8}).
Thus, we have convergence component-wise and can conclude 3- E[Br, s, — Br,] — —sign(8*).
We now show that %E[ﬁ)\n+5n’iﬁ)\n+5n’j — »BAn,iﬁ/\n,j] — —(sign(B7)BF + Bfsign(B7)).
Note that
[ (Brt0,iBrt60 = Panibr,g) + sign(87) 87 + Bisign(8))]
= B2 (Ba 4600 = Bant) Ban+50.5 + sign(B7)85] + ElBr, i 3= (Br,+6,.5 — Ba,g) + Bisign(8))]
with

]E[ﬁ(ﬁ)\mt&mi - BAn,i)BAnJrén,j + sign(5;°) 57]
= E[(%(B)\n+6n,i — Bani) +sign(B))(Br, 46,5 — Bl

+ B B2 (B, t5,.i — Ba,i) + sign(B7)] — sign(B)E[By, +4,.; — B7]

where, using Cauchy—Schwarz,
E[(2 (Br,+8,,i — Brn.i) + sign(85)) (Bx,+,.5 — B7)]
< VJEUE (Brntoi — i) + sign(8)2IE[(Br, 16,5 — 5772,

We can do the same with E[B)\ i %(Bx +0n.g T Bkn,j) + Bfsign(B;5)]-

Therefore, proving E[ 2 (Bx,+8, iBr, 45,5 — B, iPa,.5) + sign(B5)B2 + Bisign(57)] — 0 for all
i, j comes down to proving E[( 5~ (5>\ 6 — B, i) + sign(57))2] = O(1) for all i given that we
have already shown for all 4, accountlng for the fact that both \,, and 9,, are o(n),

* E[By,.i] = B and E[Bx, 1s,.4] — B7,
* E[(Bx,.i — B7)% = 0and E[(Bx, 45, — B7)%] = 0,
© ZE[Br, 46,0 — Br,.al = —sign(B)).

The first two bullet points were proved in Appendix C and the third one earlier in this proof.
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As a reminder, we have

) ) ) % 1f|/BOLSZ| > dnton
Brn+8,.i — Br,i = —sign(BoLs.i) 4 [BoLs,i| — 2= if |50Ls il € [ o A"IS"
1f|50Ls,1| < 2 "
thus
~ 62
(ﬂ)\nJrénz B)\ z) >~ ﬁ
and

(2 (Brussni = Broi) +sign(87))? < 205 (Ba, 15,6 — Br,i)? + sign(8))?) < 4.
Hence, E[(# (B, 6, — Bx,.i) + sign(58}))?] = O(1).
Therefore, we get

SEBy 15,87, 15, = Br, B3] = —(sign(8)8*T + B*sign(5) ).

The following lemma provides key equations in the comparison setting.

Lemma F.1 (Useful equations for comparison of two linear predictors). When defining h,,(Zy,Z) =
(Yo — Xg B2 — (Yy — Xg )2, we have:

ha(Zo, B) = 2Y0 X (B® — BO) + tr(Xo X (B BT — fJET))
E[hn(ZOaZ) | ZO

= 2Y, XJ E[B® — BU] + tr(Xo X E[BV LT — 32 32)TY))
Elhn(Zo,Z) | Z) = 28* TE[XoXq |(B® — BD) + tr(E[Xo X |(BV DT — @ FEAT))
E[hn(Z0, Z)] = 28 E[Xo Xq JE[3? — SO + tr(E[Xo X JE[BDADT — 3T
o2(hn) = E[(2(YoX, — B*TE[XoX] )E[B® — 1]
+ tr(XoX, — E[XoX, DE[BVSDT — 33 3T)))2]
v(hn) = E[(2(YoX] — B*TE[XoXq )(B® — BV — (32 — pr))
+tr(XoXg — EXoXJ ) (BDAOT — AT — (30 5MT _ 31(2) fr2)Tyy))2]

where B’(l) and B’(Q) are the linear predictor counterparts ofB(l) and 3(2), but learned on a training
set Z' that is the same as Z except for the first point Z; being replaced by an i.i.d copy Zj.

| =
| =

Proof The first equation follows from the first equation of Lemma C.1. The remaining equations
are then derived from there using the same arguments as those mentioned in Lemma C.1. O

Starting from the expression of o%(h,) in Lemma F.1, since gE[B,\mL(;n — By,] and

g—LE[BAan BA:\'—H 165, — BAH B;—n] are non-random, we can expand the square, use linearity of ex-
pectation, take the limits and factorize back to obtain the following convergence

n2
o5
where, for Yy = X 3* + &g with E[X(] = 0 and Var(Xy) =1,

E[(2(Y X7 — B TE[Xo X7 ])(~sign(8*)) + tr(XoX] — E[XoX7])(sign(8*)6*T + Ssign(5")T)))2
— E[(~2YoX] sign(8*) + 26" sign(8*) + 2X; B X, sign(8*) — 28 Tsign(5")))?)

— E[(~200X{ sign(5*))]

= 4E[c3]E[(X{ sign(5*))?] by independence of &y, X,

= 472(|8*lo

since

E[(X, sign(8*))?] = Var(sign(8*) " Xo) = sign(8*) " Var(Xo)sign(8*) = sign(5*) sign(8*) = [|8*o.

o®(h™) — E[(2(YoX, —B"E[XoXq ])(—sign(8*))+tr((XoXg ~E[XoX, |)(sign(8*)5" " +5"sign(5)")))?]

We can then conclude that g‘—; o?(hdf) — 472 8% |o.
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G Proof of Proposition E.2: Lower-bounding rate of v(14") for comparison
of ST()\,,) with ST(\, + §,,)
Starting from the expression for y(h,,) stated in Lemma F.1, we have
y(h') = E[2(YoX( — B TE[Xo X |)vn + tr(Xo X, — E[XoX{])0))?].
where
Uy = B)\n+6n - Bkn - (Bg\nJﬂSn - Bg\n),
° \Iln £ BAnB;—n - B)\nJrénB;rn-i-ﬁn - (Bg\nﬁwﬂ: - Bg\n_s_(;nﬁ;\:_‘_(sn)-

E[XoX{ | = I since the features are drawn from N(0,I), and using independence of Z, from the
training points, we have

Y(hGT) = E[(2 32, (YoXo,i — B )vn,i + 22, ;(X0,iXo,5 — 1[i = j]) i )]
=43, E[(YoXo, — B7)%E[v; ]
+4 Zi;ﬁj ]E[(YOXO,Z' - 5;)(Y0X0,j - 5;)]E[VnanJ}
+432 50 El(YoXo,i — B87)(Xo,; Xok — L[j = K])|E[vn,i Vn j k]
+ 20 e Bl(Xo0,iXo,; — 1[i = j])(XoeXog — L[k = I)]E[Wn i, Un k-

Since Yy = X 8* +¢e0 = >, XoxBs + €0 with Xg ~ N(0,1) and g9 1L X, we have
E[YoXo,i] = BYEIXG ] + X g BrE[X0,i X0 k] + EleoXo,] = 5]
and Y§ = 37, XoxXoBrBF + 260 3y, Xox B4 + €5, 50 for i # 7,
E[Y§ Xo0,iXo0,5] = 21 B[Xo0,i X0, X0k X0,1185 8 + 222, EleoXo,i Xo,5 Xo,x] B + Ele§ Xo,: X0 ;] = 26785

since the expectation in the first sum is equal to 1 when k = ¢, = jor k = j,l = ¢, and equal to 0
otherwise, and thus, for i # 7,

E[(YoXo,; — B7)(YoXo,; — B;)] = E[Y{ X0, X0 ;] — B7E[YoXo,] — BTE[YoXo,i] + BB = 8] ;-
For the case i = 7,
EIYFXE,] = 32 BIXG i Xo s Xo BB + 232, Eleo X3, Xo ]85 + E[e5 X3 ]
=E[X; 16 + D kot E[X3 ;X5 )68 + 7
= E[X{,]18:% + D kti P
and then, for 8 =0,
E[(YoXo, — B;)%] = E[Y§ X5, = Dokt T >7 >0

Therefore
'Y(hgiff) =4 Zi,ﬁ;:o E[YOQX&JE[VELJ]
+43 g0 E[(YoXo,i — Br)IEw; ]
+4 Zi;ﬁj,,@;;ﬁo,ﬁ;;ﬁo B B5Elvn,ivn, 5]
+4% 2k El(YoXo: — B87)(Xo,j Xok — L[J = K])|E[vn,i Un 5]
+ 2 i ik El(Xo0,iXo,; — 1[i = j])(Xo,kXo,y — L[k = U)|E[Wn,5,; U k]
where importantly we were able to remove the ¢, j terms in the third sum when 37 = 0 or 57 = 0.

We will now prove the following results:

« E[12,] = O(%%) forall i,
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« B2 = Q= for all i such that 8} = 0,

)

* E[v;.] = O(nz%) for all i such that 5} # 0,
- E[W2, ] = O(%) forall i, j.

Once we prove these, Cauchy-Schwarz will yield the following upper-bounding rates for terms
appearing in the expression of ~(hdif):

» for i, j such that 3} # 0 and 3 E[vn,ivn ]| < /B2 B2 ;] = o(nfiﬁ),

52 52 52 52
* Bt Unjll < (/B[ B [‘1’72” Kl =00/ 35 55) = O(38) = o(522%)-

82 82 52 52
¢ (B[ Uil < JELVE JIEIVS ) = O/ 75 58) = O(G8) = o).

2 ’2\’/5) as the terms of leading order in y(h%if) will

and it will therefore be clear that y(h{if) = Q( —
be the E[v2 ;] terms for 4 such that 3* = 0.

7l l]

We will now prove the first result E[v ;] = O(—’Z) for all i.
We have
Vnyi = Bapt6m,i = Bansi — (B, 46,0 — B, 1)

= sign(Bovs,i)(|BoLs.i| — m) — sign(Bovs,s) (| BoLs.i| — Ay,

- (Sign(ﬁ(/)Ls,i)(|56Ls,i| - +5 )+ — Slgn(ﬁom z)(WOLS i )\7")-1-)
) _ 6; if ‘BOLS i > >\n+6n
= Sign(ﬂo]ds’i) 7" - |BOLS 1| if ‘BOLS z| € [77 )\":6"]
0 if | BoLs,i| < 2=
K :% R if|50LSz| > /:"M: 5
—sign(Bors,i) 5= — 1Borsal  if |50Ls i€ [T’ Antlu].
0 if |50Ls i < 7?

We can observe that both |3, 45, s — x| and |B/\n+5mi — B/\mi| are upper-bounded by % and

2
thus v ; < 4n2 , which implies E[v2 ;] = O(%) for all 4.
: 2
We will now prove the second result E[v;; ;] = Q(— ﬁ) for all ¢ such that 5 =
Based on the previous expression, we can further detail v, ; as follows
On e Antdn In > Antdn
;7 if BAOLS,i > )E: S ;? if BOLS i n ;
7n if /BOLS,i < — n: n ﬁ lfﬁOLS i < — n“r n
An A : A An 6 A A )\n /\n 6n
Ung =% 22 — Bors;  if Bous,; € [Ax, Antln] i e BOLS,Z‘ lfﬁOLS,z [, Anton]
An A A An +5 An An e 2 Antdn An
— 5 — Pos.i if Pous,i € [— =52 e g if Bous,i €[22, —32]
0 if |Bovs,i| < 2= 0 if [Bops ;| < 2o

which means there are 25 possible cases that form a partition and we can write v, ; as the sum of
25 terms that are of the form: an indicator of one of the 25 events multiplied by the value of v, ; for
this event. We can then similarly write 1/2 as the sum of 25 terms that are of the form: an indicator

of one of the 25 events multiplied by the value of 1/2 ; for this event.

We can then lower-bound IE[VW] by the expectation of any one of the 25 terms since they are all
non-negative. In particular, we can do it using the term coming from the combination of the first
case on the left side and the last case on the right side

>\n

7}]

62 ~ A
E[vp,] > E[;31 [50Lsﬁi > Aaton |50 o
2o s .
= #P(fovs,i > A":gnv |56Ls,i| < )‘7")

2
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Since A, = w(1) and §,, = O(1), 2= — 2= > 0 for n large enough, and we then have {Sors,; >

n
Bovs,i T 2%’5(/)LS,1‘ €[dn — 2 A} C {Borg,; > Aol ?|BOLS ;| < 223}, therefore

P(Bovs,; > 2oton |Bors,il < )
> P(Bous,i > Bors,; + 222, Bous,; € 32 — 22,2
= P(n(Bhrs,s — Pousi) < —20n, Bos s € [ — 2, du]).

~—

We have
Cov(Bovs,i, Bors,i | X, X') = Cov(p* + (XTX)'XTe, g* + (X' T X) 71X e | X, X)
= (XTX)1X T Cov(s,e )X/ (X' T X)~!
P2(XTX) X TX(X/ TX/)!

where X £ (Xs,...,X,) T is the matrix of regressors for the training points except for the first one
that is being changed, since Cov(e;, €}) is equal to 7% if i = j > 2 and 0 otherwise. Then

Cov(Bops,; — Pous.is Bors,s | X, X') = 72(X/ X))~ - 72(XTX) I XTX(X/ T X!) !
=72(I— (XTX) ' XTX)(X/"X/)~!

Hence, the bivariate normal vector (55;¢; — BoLs.i» BoLs ;) has uncorrelated components in the
limit, with zero correlation being equivalent to independence for multivariate normal vectors. Since

n(ﬁf)LS — BOLS) 2y L (YY — X{TB*) X} — (Y1 — X{ B*) X1, proved in Appendix D, and
n = O(1), we have

P(n(ﬁéLs,i — Bovs,i) < =20y, 56Ls,i € [Lf - %, /\7"]) = O(P( 6LS,i € [Lf - %7 /\7"]))
We can then focus on the rate of P(B/OLS,i €

HD(B/OLS,i € [AT" - %’ /\7"]) = E[P(Bys,; € [/\Tn - %7 /\ﬁl] | X7)]

where, using 5 = 0 and Bé)LS | X ~ N(B*,72(X’"X’)~!) and defining 7 7= \} (X'TX' )Z i
A

P(Bovs,s € 52 = %, 2] | X) = @(F %) — (5 (32 — %))

for ¢, € [2 (A2 — %"), 2221 by a second-order Taylor expansion. We have

7
n n

whose expectation is @(ﬁ) since A\, = O(y/n) and 6, = ©O(1) yield 2= = O(-L) and
Bl (53] = 0(1):
1

ﬁ) since ¢’ is bounded,

As for the second part of the Taylor expansion, its expectation is a o(
0, = ©(1) and we have

E[z:) = HE((XTX); ) =n—p+1

Tn

iid.

using the fact that for X; "~ N(0,I), we know (X"X)™! ~ W, *(I,n) and then the diagonal

—p+1
n g"’ and scale

element (XTX)M follows an inverse gamma distribution with shape parameter
parameter %, and the expectation of the reciprocal of an inverse gamma distributed variable is the
ratio of the shape and the scale.

We can then conclude that

A é

P(Bovs.: € [ — %, %)) = B[P (s, € 5 — 5 321 1 X0 = O(5)

5
F
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and thus E[v? ;] = Q(nz\f

We will now prove the third result E[v2 ;] = o(~ f) for all ¢ such that 5 # 0.

Consider ¢ such that 87 > 0, since the combination of the first case on the left side and the ﬁrst case
on the right side in the expression of v, ; corresponds to a value of 0 for v, ;, we can write un ; as
the sum of 24 terms that are of the form: an 1ndlcat0r of one of the 24 other events multiplied by the
value of v2 , for this event. Since 12, < 48 Z,, we can upper-bound v2 ; by 4 2 multiplied by the

sum of the 24 indicators and we then need to show that all 24 1ndlcat0rs have an expectatlon which
is o(f) Using E[1[A]] = P(A), P(AN B) < min(P(A), P(B)) and the fact that SoLs and 3},
have the same unconditional distribution, we can upper-bound all 24 indicator expectations by one
of the following four probabilities

* P(BoLs,i < —%) = E[P(BOLS,i < —/\"TM" | X)],

o P(foLs,i € [2x, 220 ]) = E[P(foLs,; € [2z, 2etda] | X)),

* P(BoLs,i € [~ Antln | An]) = E[P(Bovs,i € [—2nton _Aa)| X))

* P(|Bovs.i| < 2) = E[P(|Bovs.i| < 22 | X)].

Since BOLS | X ~ N(B*,72(XTX)™!), we can write BOLS,i = B + TnZ where 7, =

Tn (XTX) and Z | X ~ N(0,1). Note that we could have 7 as a subscript of 7,, and Z,

but we will only consider one ¢ at a time in our computations and we can thus omit this subscript
for both of them for the sake of notational simplicity, and we will also omit it for some additional
notation we define in the rest of the proof.

Define af! = L (3 — 7). i = (3 +8). 01 = £ (2= — Br) and 6 = L (At 4
B5)-
In the order they appear, the four conditional probabilities above are equal to

P(Z < -0 | X) = &(—02)),
(

P(Z € [a(),00] | X) = 2(0)) — ®(al)),
P(Z € [*9(2) *a@] | X) = (—a)) — &(-02),
P(Z € [P, aV] | X) = @(a)) — &(—af?).
Since X X 2% E[XoX, ] (strong law of large numbers), A, = o(n) and 6, = o(n), we have
i OJr and using the continuous mapping theorem, a( ) 25, —00, 9(1 2% 0o, oh(f) 2%

400 and 9(2 2% tooas BF > 0.

If we show that v/n @(an ) goes to 0 in L1, then all other similar convergences will follow and we

will get that all four unconditional probabilities listed above are o( f) and thus E[v] ;] = o(n2 \F)
for all 7 such that 3 > 0.

‘We have

Vad(ay)) = Yol o(al))

[£29)

thus, by Cauchy—Schwarz,

n

(ar))?

E[lVa®(af)] < E[ E|(f"9())?)].

ol 2% _cosoal )<I>( (1)) 22 0. This comes from the fact that 2 ® () — 0 for z — —o0, as we
notice that forz < 0, wehave 0 < —z ®(z) = —2z (1-®(—2)) = —x fj:o p(t)dt < f_t;)o to(t)dt
where this last expression goes to 0 when z — —o0.
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Since A, = o(n) and J,, = o(n), for n large enough, % < Bf, so ag) < 9%1) < 0. Since the

function z +—+ x ®(x) is continuous bounded for z < 0, we get L' convergence of (041(11)<I>(04£11)))2
to 0.

and it is thus sufficient to have

=2 2 T
-1
Moreover. n = Ty = T X X\~
T (a2 2672 g i

E[(X;X);il] = O(1), which is the case for features drawn i.i.d. from A(0,I) as E[(X;X)Z_}] =

n—p—1"
Hence, /i ®(al) goes to 0 in L.
The proof is similar for 4 such that 5; < 0.

Finally, we show the fourth result E[W? ; /] = O(%) for all 4, j or equivalently E[¥7 ; ;] = O(%)
since §,, = O(1).

Similarly to previous computatlons and upper-bounding with Cauchy—Schwarz we can upper-bound

E[¥? ; ;] using products of E[v, ;] and the fourth moment of B i Bo, oo ﬁ/\w or ,BM%M and

1
'IL [
their counterparts for j. Since 17, < 477’5, we have E[v, ;] = O( n—z) Additionally, the fourth
moments are bounded as we showed the L* consistency of soft-thresholding for 3*. This gives us
E[V2,;] = O(34)

n,i,j n?

With the four results proved, we can conclude that (h3if) = Q( nf\z’“”/ﬁ)

H Experimental Setup Details

We provide additional details about the numerical experiments presented in Section 5.

In our simulations, we work with the following sample sizes for the full set size k : 100, 1,000,
10,000, 100,000, which means n takes the following values: 90, 900, 9,000, 90,000.

For simulations with the Lasso estimator, we used the implementation from scikit-learn. For
the KDE plots, we called kdeplot from the seaborn library.

n k nk

We perform 50,000 replications to sample from h ) ~(R,—R,)and ; ( o) ~(R,—R»). We ensured
reproducibility by setting random seeds at the start of all rephcatlons

Regarding the inner cross-validation used to determine ), in each iteration of the outer cross-

validation, we performed an adaptive grid search via (k — 1)-fold cross-validation on the training set

of size n, based on the initial split of the cross-validation on the full set of size k"—_kl For the adaptive

grid search scheme, we started with powers of 10, identified the best choice of penalization, subdi-
vided around this choice with 10 values with an exponential scaling, and did so 3 additional times
to identify the optimal penalization with precision.

We now introduce two lemmas that allow us to properly estimate o (h,, ), y(h,,) and R,,.
Lemma H.1 (¢ (h,,) rewriting for Monte Carlo estimation).

0*(hn) = Elhn(Z0, Z)(hn(Z0, Z) = ha(Z0, Z)))]
where Zy and Z are independent draws from the same distribution as Zy and Z, respectively.

Proof
o (hy) = Var(E[h,(Zo, Z) | Z))
= E[E[hn(Z0, Z) | Zo)*] — E[hn(Z0, Z))?
E[E[hn(Zo, Z)hn(Zo, Z) | Zo]] — Elhn(Zo, Z)hn(Zo, Z)]
Elha(Zo, Z)hn(Z0, Z)] — Elhn(Zo, Z)hna(Zo, Z)]
E(hn(Zo, Z)(hn(Zo, Z) — hn(Zo, Z))]
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Lemma H.2 (Conditional expectation and ~(h,,) rewriting for Monte Carlo estimation). If the fea-
tures are drawn from a distribution with mean 0 and identity covariance matrix, we have

E[hsne(Zo, Z) | Z] = 7% + |8 — B3,
and thus
E[hd(20,2) | Z) = ||8* — Bull3 - 18* — BP3,

y(hsine) = B[(h5e(Zo, Z) — ||8* — B3 — (hiin&(Z0, Z') — 18" = B'113))?],
and
y(hT) = B[(h3(Zo, Z) — |18* — Bull§ + 118* — B3 — (i (Zo, Z') — |18 = Bil3 + [18* — BP3))%].
Proof Starting from the expression of E[h,,(Zy,Z) | Z] in Lemma C.1, we have
E[h3"%(Z0,Z) | Z] = E[Y§] - 28 TE[Xo X 16 + tr(E[Xo X ]55T)
— Var(Yp) + E[Yo]2 - 28*TE[XoXq 18 + tr(E[Xo Xy 1357T)
= B*TVar(Xo)8* + 72 + (E[Xo] T *)? — 28" "E[Xo X{ ] B + tr(E[Xo X, ]83T)
= B Var(Xo)B* + 72 + 8* T E[Xo|E[Xo] ' 8* — 28* E[Xo X |3 + BTE[X0 X, |3
=72+ BT E[XoX( 8" + BTE[X0X( 15 — 26" TE[Xo X ]
=72+ (8 = B)TE[XoX{ (8 - B)

=72 +8* - Bl
since the features are drawn from a distribution with mean O and identity covariance matrix. The
other three expressions follow from the definition of the quantities. O

The Monte Carlo estimation of o2(h,,) and v(h,,) is based on 5,000,000 replications when using
deterministic A, but on 1,000,000 when \,, is selected via inner cross-validation due to computa-
tional complexity. Based on the Monte Carlo standard errors obtained for o(h,,) and ~(h,,), we

applied the Delta method as follows to obtain a standard error for r(h,) = %ﬁlh)) We define
flx,y) = “% and we denote by )M the number of Monte Carlo replications used to estimate o%(hy)
of 0%(h,,) and 22 of v(h,,), and

Og

and y(h,,). Starting from the Monte Carlo standard errors

VM s
using Vf = (g, 72—5), we get to a standard error for r(h,,) by computing
n202 11213202
Vf(xa y)leag(Ugv Ug)vf(l‘a y) = yQI + s

Denoting the Monte Carlo estimates of 02(h,,) and y(h,,) by & and ), respectively, the standard
error we use for r(hy,) is then

2 92 24242
1 néoz ~MTI70y

vM\  9? g
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